The new generalisation is as follows. Instead of adjoining equilateral triangles to the edges of an arbitrary triangle, we adjoin other regular polygons. Under certain conditions, given explicitly in the theorem, the centres of the adjoined polygons are vertices of another regular polygon. For example, if we adjoin two regular hexagons outwardly, and an equilateral triangle inwardly to the edges of an arbitrary triangle [ A 1 , A 2 , A 3 ] (see Fig. 3 ) then the centres B 1 , B 2 , B 3 of these three polygons are consecutive vertices of a regular hexagon.
In the following we need to extend our definition of regularity to include regular starpolygons. Given mutually prime integers n ≥ 3 and 0 < p < n define a regular (n/ p)-gon as a circuit (in general self-intersecting) whose n vertices are arranged equidistantly around a circle C, and whose edges subtend angles 2π p/n at the centre of C. Notice that the edges will, in general, intersect in points other that the vertices. A familiar example of a star-polygon is the pentagram which is a regular (5/2)-gon. A regular (n/1)-gon is the same as a regular n-gon. We note that the (internal) angle between two consecutive edges of a regular (n/ p)-gon at their common vertex is π(1 − 2 p/n) and the external angle is
The centre of a regular (n/ p)-gon adjoined to the edge S of a triangle T is the apex B of an isosceles triangle whose base is the edge S. Conventionally we assume that if p/n < 1/2, the point B and the triangle T lie on opposite sides of S, and if p/n > 1/2, so that the angle 2π p/n is reflex, then B and T lie on the same side of S (see Fig. 7 
Examples.
1. p = q = 1 and n = 3. Here we adjoin equilateral triangles outwardly to the edges of T , and then their centres are the vertices of an equilateral triangle. 2. p = q = 2 and n = 3. Here we adjoin the equilateral triangles inwardly, and their centres are the vertices of an equilateral triangle. A 1 Proof of the theorem. Notice that the proof is valid whenever 2 p + q is a multiple of 2π, that is if (2 p + q)/n is either 1 or 2. In the following we need to distinguish between these two cases.
Put θ = 2π p/n, φ = 2πq/n and consider the angle between the line segments [B 3 , polygons inwardly (instead of outwardly) or outwardly (instead of inwardly) to the edges of a triangle, also has centres which are vertices of a regular (n/ p)-gon.
To prove this we apply the theorem to p , q and n, where p = n − p and q = n − q. The new configuration will be said to be conjugate to the original configuration. Note that if (2 p + q)/n = 1, then for the conjugate configuration, (2 p + q )/n = 2. In Fig. 6 we show the configuration conjugate to that in Fig. 3 , and the two configurations of Fig. 1 are conjugate to each other. Since the Napoleon triangles of a configuration and of its conjugate configuration are parts of an (n/ p)-gon, we deduce they are similar, though oppositely oriented.
Given p, q as in the theorem, since the (n/q)-gon can be adjoined to any of the three edges of the triangle [ A 1 , A 2 , A 3 ], it follows that there are three conjugate pairs of Napoleon triangles. Hence, in all, there are six Napoleon triangles associated with the integers p, q and the given triangle. Remembering that the product of reflections in two lines which intersect at angle θ is a rotation through angle 2θ , we see that, in the notation of the theorem, This circle is the circumcircle of the polygon centred at B 3 . In an exactly similar way the circumcircles of the other two polygons with centres at B 1 and B 2 also pass through Y , and the corollary is proved. In Fig. 8 we have indicated the circumcircles and the point Y for the configuration of Fig. 6 .
The results of this paper may be regarded as an extension of, and geometrical interpretation of, Schütte's theorem [3] , [4] . Our proof is based on that of Stachel [5] . In [1] , "dynamic proofs", that is, proofs using rotations and reflections, are used to establish several other results related to the classical Napoleon's theorem.
